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1 Motivation

Many problems in mathematics and physics can be thought of as optimi-
sation over entire paths or shapes according to some criterion rather than
individual points. Some natural examples include:

e Finding the shortest path between two points (geodesics).

e Determining the shape of a hanging chain (the catenary) that min-
imises potential energy.

e Determining the surface of revolution of minimal area between two
fixed points (the catenoid).

In this essay we aim to build a framework for solving this type of opti-
misation problem and explore how we may re-frame classical mechanics as a
variational calculus problem, allowing us to explore how certain symmetries
of systems lead to the conservation laws. This gives us a more mathemati-
cally rigorous basis for much of physics previously known only empirically.

2 Variational Principles

2.1 Functionals and Admissible Curves

Quantities that depend not just on numbers but on entire functions or paths
are known as functionals and assign a single real number to each function
(or curve) within a function space. In this sense, a functional can be thought
of as a ‘function of a function’.

Below is a motivating example from [3, pp.40-42] of a functional we will
return to:

Example 2.1.1 (Minimal Surface Area of Revolution). Here we aim to
minimise the surface area of revolution for a shape between two fixed points

a and b:
/ 2myy /1 + dx

Definition 2.1.2 (Functional). [2, p.1,p.4] A functzonal is a mapping from
a vector space of functions to the real numbers:

I:F—=R,
where F denotes the function space.

In this essay we focus on a particularly important class of functionals in
physics! called actions, which assign a number to an entire trajectory of a

!Similar functionals arise in other contexts, such as the surface area functional described
above.



system over time. For a curve
qc< 02([t1, tQ];Rn) = Cg[tl, tQ]

an action functional is defined by I : C2[t1,ts] — R

ral= | " Lta.d)de 1)

1

where q(t) = (q1(t),qa2(t),...,qn(t)) is a vector of generalized coordinates,
and the Lagrangian L : [t1,t2] x R™ x R™ — R is assumed to have continuous
second-order partial derivatives with respect to t, ¢;, and ¢; fori =1,...,n.
These assumptions will be explained as we proceed.

Definition 2.1.3 (Space of allowed paths). [6, p.62] The space of allowed
paths S consists of all curves in C2[t1, 5] satisfying fixed endpoint conditions:

S ={qe C%[ty,t2] : q(t1) = q1 and q(t2) = q2}
where q1,q2 € R” are given fixed endpoint vectors.

Definition 2.1.4 (Space of allowed variations). [6, p.61] The space of al-
lowed variations H is the set of curves in Cz[tl, to] that vanish at the end-
points:

H = {h € C?[t;,t5] : h(t;) = h(ts) = 0}

With these definitions, the problem of finding an extremal trajectory
becomes the task of determining which curve q € S makes the functional
stationary under all admissible variations h € H.

2.2 Differentiation of Functionals

To find which path or curve extremises the action and later understand
how it behaves under transformations, we need a notion of differentiation in
function spaces.

Given a curve q € S and a variation h € H, we consider a perturbation

q(t) = q(t) + ¢h(?),

where € is a small parameter. Since h(t;) = h(t2) = 0, the perturbed curve
satisfies the same endpoint conditions as q.
The Gateauxr Derivative captures the leading order change of the func-

tional under such perturbations?.

2Note that could use the Fréchet derivative however for our purposes this is sufficient.
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Figure 1: A variation of the path ¢(t) with fixed endpoints.

Definition 2.2.1 (Gateaux Derivative — First Variation). [4][pp.328-329]
Let X be a normed vector space and F': X — R be a functional. We say F'
is Gateaux differentiable at x € X if, for every direction of variation h € X,
the limit

Dy Fla] = lim 2& €M) = F(@)

e—0 €

exists.

Equivalently,
F(x+€h) — F(z) = eDpF[z] + o(e) ase— 0,

where € € R is the scalar parameter controlling the size of variation along h.
The map h — Dy F[z] is called the Gdteauxr derivative (or first varia-
tion3) of F at .

The following proof of the differentiability of the action has been heavily
adapted and generalised to C2[t,t5] from [1, pp.56-57]

Theorem 2.2.2 (Differentiability of the Action). The action functional
I : C2[t1,ts] — R I[q] = ttf L(t,q,q)dt is Gateauz differentiable with
respect to its path q € S C C2[ty,ta] and its derivative (first variation)
along variation h € C2[ty,ts] is given by

Dnllq] = /: <2n: (g; - ;tgg) lu(t)) dt +

=1

n

t1

Restricting now toh € H :

DylIld) = / 2 <Z <§5 ~ ig(ﬁ) m(ﬂ) dt (3)
t1 —1 % 7

1=

3In other sources, Dy, F[z] is often written as 6F[z; h).



Proof. Let h € CZ2[t1,t3] be an admissible variation and ¢ € R be small.
Consider the perturbed path q + eh. Then

I]q + ¢h] — I[q] :/t2 (L(t,q+eh,q+d'1) —L(t,q,d)) dt

Using the Taylor expansion of L to the first order in € gives
L(t,q+ eh,q+eh) — L(t,q,q) = ¢ (qu h+ Vel - h) +o(e),

Substituting this into the integral

Ilq + ¢h] — I[q ]—e/tz (V L. h+VqL-h)dt—|—o(e)

/f " (({“)qz t”g;f%(t)) dt + o(e).

=1

Applying integration by parts component-wise?

2 9L . oL }2 /thaL
—h;(t)dt = h; - — —h;(t) dt.
| apmta= gl - [ 55
Combining terms

n to

/0L dOL oL

t1

(4)

Dividing by € and taking ¢ — 0, we obtain the Gateaux derivative along the
variation h:

Dullq] = /: Zn:

i

oL  d L "\ [OL r2
<aqz - qu) hi(t) dt + z; [aqihi(t)]

t1

Restricting now to h € H, since h(t;) = h(t2) = 0, we have

IS (0L doL
Dyllq /;(M—ﬁaqz)h(t)dt.

O]

4 . d 9L . .
By the chain rule the term 7 5z = Otaql +30 dq]aqlqj + 3 dqjdql ¢;. This is

why we need L to be second order partially differentiable and q € C2 [t1,t2].




2.3 Extremals and the Euler-Lagrange Equations

Before giving formal definitions, let us motivate the concept of an extremal.
An extremal is a function that makes a functional stationary, analogous
to a critical point of a real-valued function in finite dimensions. Just as a
function f: R™ — R satisfies

ovf(a)=0 VYveR" = Vf(a)=0,

an extremal of a functional F' is a path where the first variation vanishes for
all variations.

Definition 2.3.1 (Extremal of a functional). [1, p.57] Let X be a vector
space and let I : X — R be a Gateaux differentiable functional. A point
x € X is called an extremal of F if

DyFz] =0 forall h e X.

Before applying this idea to the expression for the first variation of the

action t
2 XN /OL  d 0L
Dyl :/ <—,)hitdt,
nl[q] t ; 9a  di o, (t)

1

we need a key result known as the Fundamental Lemma of the Calculus of
Variations. This lemma allows us to conclude that when the integral of a
function multiplied by a function that vanishes at the endpoints, then the
function vanishes pointwise.

Lemma 2.3.2 (Fundamental Lemma of the Calculus of Variations). /2,
p.9]. If f(x) is continuous on [x1,x2|, and if

/: F@)h(z)dz = 0

for every function h(x) € Clx1,x2] such that h(x1) = h(x2) = 0, then
f(x) =0 for all x € [x1,x2].

Proof. [2, p.9] Suppose without loss of generality there exists a point g €
(z1,22) such that f(zg) > 0 (otherwise consider —f). Then since f is
continuous there exists an interval (a,b) C (x1,x2) such that f(z) > 0 for

all z € (a,b).
If we set
0 x € [11,a)
h(z) =< (z—a)(b—x) x € a,b]
0 x € (b, xa]



then clearly h(x) satisfies the lemma’s conditions, however since f(z)(x —
a)(b—x) >0 on (a,b), we have

/: f(2)h(z)dx = /abf(x)h(x) dz > 0,

contradicting our assumption that fff f(z)h(x)dz = 0. Therefore, no such
xo exists, and f(xz) =0 for all = € [x1, z2]. O

Once we have the Fundamental Lemma, we may closely follow the ap-
proach in [6, pp.61-62] to apply the lemma to each term in the sum of the
first variation by considering component-wise variations

h(t) = (0,..., h(t),...,0) € H,

for which DynI[q] = 0. Applying the lemma to each component then yields
the Fuler-Lagrange equations for extremal curves.

Theorem 2.3.3 (Euler-Lagrange Equations). [6, p.62] Let I : C2[t,t5] —
R be the action functional of the form

Ilq] = / "Lt q, ) dt

t1

where q(t) = (qi1(t),q2(t),...,qn(t)), and L has continuous second-order
partial derivatives with respect to t,x;, and &;, 1 = 1,2,...,n. If q is an
extremal for I in the space of allowed paths, S, then

d oL 0L
—— = i=1,...,n.
oG o 0 foralli R 1)

Proof. Suppose that the action functional I is extremal at a path q € S.
By definition of an extremal, the first variation of I at q vanishes for every
variation h € C2[t1, 5], hence since H C C2[ty, ta),

DynI|q)=0 forallhe H.
From the differentiability of the action, the first variation is given by

2 X /0L d OL
Dyllql = = =\
wllq] /tl ; <3qz' dt 3%‘) hi(t) df

1=

where h(t;) = h(t2) = 0.



Since this integral equals zero for all h € H, we may consider variations
purely in the ith component, h = (0,...,h;(t),...,0) for every i = 1,...,n

giving us
2 /0L d OL
/t (a% - dt@q’i> ha(t) dt = 0

1
where hi(tl) = hi(tg) =0.
The Fundamental Lemma of the Calculus of Variations then implies that

d oL 0L
222 %20 foralli=1.....n.
&6 oa or all ¢ , , N
O]

We now demonstrate the power of the Euler-Lagrange equations using a
classical extremal problem:

Example 2.3.4 (Minimal Surface Area of Revolution - Continued). [3,

pp.40-42] To minimise® Ay, take L(y,y’) = 27y~/1 + (v/)2.
Applying the Euler-Lagrange equation:

d OL 0L _
de 0y Oy
and simplifying (algebra and integration omitted) yields the ODE

2
r 1Y
V=t

Solving by separation of variables gives

r—c
= kcosh .
Y cos < 2 >

This curve corresponds physically to the profile of a soap film spanning
two circular rings, since surface tension minimises area.

2.4 Variable Endpoints and Free Boundary Conditions

So far, we restricted attention to variations h € H = {h € C2[t1, 5] :
h(t;) = h(t2) = 0} that vanish at endpoints, ensuring the boundary term
in the first variation disappears, fixing the initial and final points of the
trajectory. Inspired but heavily adapted and generalised from [6, pp.144-
150] now remove this restriction, allowing the endpoints to vary.

Let the action functional be

to
nmzleqmﬁ

1

°It is worth noting that to confirm the curve we find is minimal we can take the second
variation, analogous to the second derivative although this is omitted here.



where q € C2[t; + e71,ts + em2]. We consider a perturbation h € C2[t; +
€71, ta + €72
q— q(t) +€h(t),

and now allow the endpoints to vary
tr =t + €Ty, a(te) = a(te) +emy, k=12

The action evaluated on the perturbed path becomes
tot+eTs X
Hq+dﬂ:/1 L(t,q(t) + ch, 4 + eh) dt.
t

1+€eT1

As before, we compute the first variation using the Gateaux derivative

Dh[[q} — lim I[q+€h] — I[q]

e—0 €

We write

tot+eTs

I[q + €h] — I|q] :/ L(t,q—i—eh,(ﬁl—i—efl)dt—f[q] —/tQL(taQ;Q)dt

t1+em t1

t2 . toteTe t1+eTy
:/ L(t,q+eh,q+eh)—L(t,q,dl)dt—i—/ Ldt—/ L dt.

t1 t2 t1

From (4) and the expansions

toteTe t1+em
/ Ldt = eryL|,, + o(e), / Ldt = en L], + o(e)

to t1

/L dOL " [OL f2
Ilg+eh|—Ilq| = / (—) h;(t) dt+ ['hi t] +e[LT]2+0(e).
[q € ] [q] € ” Zl 8% dt aqz ( ) 6; 8Qz ( ) " 6[ T]tl (6)

=
At endpoints, consistency of the perturbed curve requires
q(ty + emg) + eh(ty + emp) = q(ty) + emy, k=1,2.
If we expand this to first order and rearrange we find component-wise that
hi(tk) = mik — Trdi(tr) +0o(1)%, i=1,...,n, k=1,2
Hence, if we define, [6, p.148]

oL a
Canonical Momentum: p; = 20 Hamiltonian: H = g gipi — L, (5)
qi -
=1

SNote that when we substitute this in to I[q + €h] — I[q] there is an € term in front of
h;(tx) meaning we have eo(1) = o(e).



we have
I[q+ eh] — I[q /tQZ oL 4oL h;(t) dt + t2+ (€)
q-+e€ - o dtog )" € t o(€).

(6)

n
Zpim—HT

i=1

This allows us to compute the Gateaux derivative
n

t2 oL d oL

For q to be an extremal, DyI[q] = 0 for all h which includes fixed endpoints
(i.e h1 = h2 = 0) which means that q satisfies the Euler-Lagrange equations

n t2
> pini — HT] -

=1 t1

d OL 0L

— =0 foralli=1,.
505 00 or all i =
and what we will call the free-endpoint condition:

t2

> pimi — HT] =0, (7)
=1

t1

3 Hamilton’s Principle

Definition 3.0.1 (Mechanical Lagrangian). [3, p.35] The Lagrangian of a
mechanical system with generalised coordinates q(t) = (q1(t), g2(t), - . ., qn(t))
is

Lt,q,q) =T -V
where T is the kinetic energy of the system and V' is the potential energy.

The Lagrangian is then a scalar function that encodes the dynamics of
the system and through Hamilton’s Principle forms an alternative formu-
lation of classical mechanics called Lagrangian Mechanics, in contrast with
the more familiar Newtonian formulation.

Postulate 3.0.2 (Hamilton’s Principle). [3, pp.34-35] The trajectory q(t)
of a system of particles from its initial position q(t1) = q1 to its final posi-
tion q(t2) = qa over the time interval [t1,ts] is such that the action of the
Lagrangian

Sla] = / " L(t,q, ) dt

t1

1s extremal.

10



Remark 3.0.3 (Assumptions on Smoothness). Of course in order to apply
our Euler-Lagrange equations we must assume that L = 7' — V has con-
tinuous second-order partial derivatives with respect to ¢, g;, ¢; so that the
action S is Gateaux differentiable, allowing (2.3.3) to be applied.

Following these assumptions we find that the solution to the extremal
problem q(t) € S is described by the Euler-Lagrange equations:

d oL 0L
—————=0 foralli=1,... n. 8
296 oa or all 4 n (8)
In fact it is possible to recover Newton’s Second Law by using the Euler-
Lagrange equations. For further discussion on the equivalence of Newtonian
and Lagrangian mechanics, [7, p.3] does the reverse inclusion of the follow-
ing.

Example 3.0.4 (Recovering Newton’s Second Law). [6][pp.63-64]
Let q(t) = (q1(t), g2(t), q3(t)) denote the cartesian coordinates of a free par-
ticle of mass m at time ¢. The kinetic and potential energies are

. . . :
T(q) - Qm(QI2 + Q22 + q32)7 V(t? q)'
Hence the Lagrangian is
. ) 1 . . .
L<t7 q, q) = T(q) - V(t7 q) = §m(Q12 + QQ2 + Q32) - V(tv q)

By the Euler-Lagrange equations (8) we find

mg; = i=1,2,3.

_8%"

Defining the ith component of force on the particle as

oV
fi = - P} y
qi
implies Newton’s equation
f =ma,

where a = q is the acceleration and f = (fi, f2, f3) is the force.

We end this section with a classical example of using our Lagrangian
mechanics to formulate the equation of simple harmonic motion just as New-
tonian Mechanics does.

Example 3.0.5 (Simple Harmonic Motion). Consider a mass m attatched
to a spring with spring constant k£, moving in the z direction.

11



Hence the Lagrangian is

1 1
L:T—V:§m$2—§km2.

Using the Euler-Lagrange equation,

d (0L oL .
dt<8¢>_8x_0 = mx+ kx =0.

This is the equation of simple harmonic motion, which can be written as

k
i 4wz =0, where w =/ —.
m

4 Symmetries and Noether’s Theorem

Having established a variational framework for mechanical systems, we now
investigate transformations that leave the action invariant, known as symme-
tries. This section follows the methods of Van Brunt’s Calculus of Variations
closely, adapting proofs and generalising results where possible.

4.1 Variational Symmetries

Definition 4.1.1 (One-Parameter Variational Symmetry). [6, pp.202-204]
A one-parameter transformation is a smooth” family of mappings of the
form

Tze(taqae)v Qz:@bz(t»(be) for all 1 = 177” (9)

where 0 and 1); are smooth functions of ¢,q and the parameter € satisfying
the identity condition

0(t,q;0) =t, Yi(t,q;0) =¢q; foralli=1,... n.

"It must be at least C? to ensure the transformed curves and Lagrangian retain the
differentiability required for the Euler-Lagrange equations.

12



Such a transformation is called a wariational symmetry of the action
functional .
2
fd = [ Ltaad
t1
if for every subinterval [a, b] C [t1, t2] the action is invariant under the trans-
formation (9), i.e.

b T(b) ‘
/ Lt, q, &) dt = / L(T, Q(T), Q(T)®) dT,
a T(a)

for all q € C2[ty,ts].

Next, we state without proof a generalised version of a result from Van
Brunt’s Calculus of Variations, expressing the invariance of extremals under
variational symmetries.

Theorem 4.1.2 (Extremal Invariance). [6, p.45] Let L(t,q,q) be a twice
continuously differentiable Lagrangian and (9) be a nonsingular® one-parameter
variational symmetry.

Then q(t) is an extremal of

I[q] Z/QL(t,q,Q)dt

t1
if and only if the transformed curve Q(T') is an extremal of

T(t2) .

1Q] = L(T,Q(T),Q(T)) dT.

T(t1)
The proof is omitted due to space limitations but follows similarly to the
methods in one-dimension described in [6, pp.44-46].

4.2 Noether’s Theorem

Definition 4.2.1 (Conservation Law). A quantity C(t,q,q) is said to be
conserved in the motion of a system if its total time derivative vanishes along
any extremal q(t):

2 ot a(t), a(t)) = o.

dt
Definition 4.2.2 (Infinitesimal Generators). [6, p.208] Given a one-parameter
transformation T, Q1(T), ..., Q,(T), the infinitesimal generators are
a0 O;
tq) =2 (t,q) = . 10
aa=5 o cw=3 (10)

$Note that Q(T') = %
9This means that the transformation is invertible and has importance within the omit-

ted proof.

13



Finally we bring together what we know about free-endpoint variations
in order to prove a subtle, yet beautiful theorem about the consequences of
variational symmetries.

Theorem 4.2.3 (Noether’s Theorem). [6, pp.210-211] Suppose a twice-
continuously differentiable lagrangian L : [t1, ta] xR"xR™ — R, L(t,q(t), q(t)),
has non-singular variational symmetries (9) with infinitesimal generators &,
Gi-

Then along any extremal, q(t), of

fa = [ Ltaqd,

t1

the quantity
n
> piGi— HE
i=1

18 conserved.

Remark 4.2.4. The quantities p; and H are as defined in (5).
Proof. [6, p.209] Let

b
I[q] :/ L(t,q,q) dt,

where [a,b] C [t1, 2] is an arbitrary subinterval. We regard I as a functional
with variable limits of integration.
Suppose the action is variationally invariant under the one-parameter
symmetry (9)
T =0(t,q;e), Qi = vi(t,q;€),
so that
T(b)

fQ)- I = [

T(a)

. b
LT.Q.Qdr [ Lita.qdi=0.

Suppose that q(t) is an extremal. For sufficiently small €, the trans-
formed curve Q together with the transformed endpoints may be regarded
as a variation with free endpoints. Expanding to first order gives

T=t+e(t,q) +oe),  Qi=q+e(t,q)+o(e).

Applying the first variation formula for free endpoints (6), we obtain

b n
Qi ~Tla = [ 3

a =1

b

EpiCi — HE| +o(e).

i=1

<8L d OL

OL @ OL\ . 310
90, di 3@') hi(t)*Y dt + €

a

"Here h;(t) represents the effective variation at first order of the ith coordinate of q
under the transformation, incorporating both the direct change in position q(t) — Q(T")
and the contribution from the time change ¢t — T h;(t) = (i(¢,q) — ¢:(£)&(¢, Q).

14



We cannot deduce the Euler-Lagrange equations from arbitrary varia-
tions vanishing at the endpoints, since the variation here is restricted. How-
ever, by the Extremal Invariance Theorem, the transformed curve Q(7) is
also an extremal, and hence satisfies the Euler-Lagrange equations. There-
fore, the integral term vanishes.

Thus,
b

+ o(e).

a

Q] - I[q] = € [ZPiQ — H¢
i=1

Since the action is invariant, the left-hand side is zero, and so

[ZPiQ’ - Hf] =0.
i=1

[a, b] is arbitrary, so it follows

b
a

> piGi — HE
i=1

is constant along the extremal q(¢). Hence,

d n
p (sz-cz- — H&) =0,
=1

and the quantity is conserved. O

4.3 Conservation Laws

Let q(t) = (q1(t),q2(t),q3(t)) € C%([t1,t2]; R?) describe the position of a
particle (in cartesian coordinates) of mass m with kinetic and potential

energies
1

T(@) = 5m@* + @+ %), Vita).

Using the mechanical Lagrangian (3.0.1) and Hamilton’s Principle implies
that the physical trajectory q is an extremal of

Sla] = / " Litq, ) d.

By Noether’s Theorem we may now show that the conservation laws of
energy, momentum and angular momentum then correspond to translational
or rotational variational symmetries for S.

15



Example 4.3.1 (Conservation of Energy). [6, p.212] Suppose L is varia-
tionally invariant under time translations:

T=t+e, Q;=¢q fori=1,2,3.
Then the infinitesimal generators are
£=1, G =0.

By Noether’s Theorem, the conserved quantity along extremals is

3
> pimi — H = —H.
i=1

Hence,
d

dt
Using (5), we compute

(-H) =0 = H = const.

3
H=Y pigi—L
i=1

3
= %Qi_L
i=1 94
3
=m) i —(T-V)
i=1
—oT (T~ V)
=T+V.

Therefore,
H=T+YV = const

so invariance under time translations guarantees that total energy remains
conserved along the extremal (physical) path.

Example 4.3.2 (Conservation of Linear Momentum). [6, p.212] Suppose
the Lagrangian is variationally invariant under translation in the ¢;-direction:

T'=t, Qi=q+e Q2=0q, Q3=gs.
Then the infinitesimal generators are
5207 Clzly <2:<3:O~

By Noether’s Theorem, the conserved quantity along the extremal is

oL

— = const.
oq1

16



Since,
oL )
=—=m
Y41 D q1,

we have conservation of momentum in the ¢;-direction:
p1 = mq; = const

so invariance under translation along ¢; guarantees the linear momentum
p1 is conserved along the extremal (physical) path.

Example 4.3.3 (Conservation of Angular Momentum). [6, pp.212-213]
Suppose the Lagrangian is variationally invariant under rotations in the

(q1, g2)-plane:
T=t, Qp=gqicose+ qosine, (= —qisine+ gacose, Q3 =q3

Expanding sin e and cos € to first order we find the infinitesimal generators
are

§=0, G = g, G =—aq, =0
By Noether’s Theorem, the conserved quantity along the extremal is
NPT
87'<i = p1g2 — P21
qi

Hence,

d
a(pﬂm —p2q1) =0 = q1p2 — q2p1 = const.

Defining p = (p1, p2, p3), the angular momentum is
M=qxp = (M)s =qp2 — q2p1 = const.

Therefore, invariance under rotation around gs-axis guarantees the angular
momentum in the g3 direction remains conserved along the extremal (phys-
ical) path.

5 Conclusion

As discussed in Jakob Schwichtenberg’s Physics from Symmetry [5], these
ideas extend far beyond classical mechanics. In field theory, variational
principles apply to fields via Lagrangian densities, with symmetries acting
on spacetime and internal degrees of freedom. In particular, the Standard
Model is built on local gauge symmetries U(1), SU(2), and SU(3), which,
through a generalised Noether’s Theorem, correspond to the conservation
of electric charge [5, ch.7.1.6], weak isospin [5, ch.7.7] and colour charge [5,
ch.7.8.1], respectively.

What is striking is that, symmetry appears to determine, rather than merely
describe the laws of physics, suggesting an unexpectedly unified picture of
nature.

17



References

1]

2]

Vladimir Igorevich Arnold, Karen Vogtmann, and Alan Weinstein. Math-
ematical methods of classical mechanics, volume 60. Springer, 1989.

Izrail Moiseevitch Gelfand, Richard A Silverman, et al. Calculus of
variations. Courier Corporation, 2000.

Herbert Goldstein, John Safko, and Charles Poole. Classical Mechanics.
Pearson Education UK, Harlow, third edition, 2013.

B Dayanand Reddy. Introductory functional analysis: with applications
to boundary value problems and finite elements. Number 27. Springer
Science & Business Media, 1998.

Jakob Schwichtenberg. Physics from symmetry. Springer, 2018.
Bruce Van Brunt. The calculus of variations. Springer, 2004.

Gerd Wagner and Matthew W Guthrie. Demystifying the lagrangian of
classical mechanics. arXiv preprint arXiw:1907.07069, 2019.

18



